Analysis is carried out to study the convection heat transfer in an upper convected Maxwell fluid at a nonisothermal stretching surface. This is a generalization of the paper by Sadeghy et al. [21] to study the effects of free convection currents, variable thermal conductivity and the variable temperature at the stretching surface. Unlike in Sadeghy et al., here the governing nonlinear partial differential equations are coupled. These coupled equations are transformed in to a system of nonlinear ordinary differential equations and are solved numerically by a finite difference scheme (known as the Keller-Box method) and the numerical results are presented through graphs and tables for a wide range of governing parameters. The results obtained for the flow and heat transfer characteristics reveal many interesting behaviors that warrant further study of nonlinear convection heat transfer. 44.20.+b, +44.05.+e, 45.10.-b, 44.25.+a, 46.15.-x, 47.10.ad, 47.15.-x, 47.11.- 
Introduction
The problem of convection boundary layer flow and heat transfer from a continuously stretching surface finds application in several manufacturing industries. For example, materials manufactured by extrusion processes and heat treated materials travelling between a feed roll and a wind up roll or on a conveyer belt possess the characteristics of a continuously moving surface. Some of the other examples of these processes include glass blowing, continuous casting, cooling of metallic sheets and electronic chips, crystal blowing, melts spinning. The classical problem of a steady flow on a continuous moving surface extruded from a slit was first initiated by Sakiadis [1] . He developed a numerical solution using a similarity transformation. Erickson et al. [2] extended the work of Sakiadis by including the suction or injection at the stretching surface while investigating its effect on heat and mass transfer. Tsou et al. [3] showed experimentally that such a flow is physically realizable and explored its basic characteristics. Crane [4] extended this concept to a stretching sheet with linearly varying surface speed and presented an exact analytical solution. Since then the heat and mass transfer aspects have been studied by several authors (such as Gupta and Gupta [5] , Chen and Char [6] , Grubka and Bobba [7] , Vleggaar [8] , Jeng et al. [9] , Datta et al. [10] , and Soundalgekar and Ramana Murthy [11] ) under different physical situations.
In all these studies the fluid was assumed to be Newtonian. However, many industrial fluids are non-Newtonian or rheological in their flow characteristics (such as molten plastics, polymers, suspension, foods, slurries, paints, glues, printing inks, blood). That is, they might exhibit dynamic deviation from Newtonian behavior depending upon the flow configuration and/or the rate of deformation. These fluids often obey non-linear constitutive equations and the complexity in the equations is the main culprit for the lack of exact analytical solutions. For example, viscoelastic fluid models considered in these works are simple models, such as second order fluid model, and Walters' model (Rajagopal et al. [12] , Siddappa and Abel [13] , Dandapat and Gupta [14] , Andersson [15] , Char [16] , Cortell [17] , Vajravelu and Rollins [18] ), which are known to be accurate only for weakly elastic fluids subjected to slowly varying flows. These two models are known to violate certain rules of thermodynamics. Therefore the significance of the results reported in the above works is limited as far as the polymer industry is concerned. Obviously for the theoretical results to be of any industrial importance, more general visco-elastic fluid models such as the upper convected Maxwell (UCM) model or Oldroyd B model should be invoked in the analysis. Indeed these two fluid models have been used recently to study the visco-elastic fluid flow above a stretching sheet with or without heat transfer [Bhatnagar et al. [19] , Renardy [20] , Sadeghy et al. [21] , Hayat et al. [22] , Aliakbar et al. [23] ).
All the above studies deal with Newtonian/nonNewtonian flows and heat transfer in the absence of buoyancy forces. In many practical situations the material moves in a quiescent fluid due to the fluid flow induced by the motion of the solid material and by the thermal buoyancy. Therefore the resulting flow and the thermal field are determined by these two mechanisms, i.e., surface motion and thermal buoyancy. It is well known that the buoyancy force stemming from the heating or cooling of the continuous stretching sheet alter the flow and the thermal field and thereby the heat transfer characteristics of the manufacturing processes. However, the buoyancy force effects were not considered in the aforementioned studies. Effects of thermal buoyancy force on Newtonian flow and heat transfer over a stretching sheet were reported by several investigators (Acrivos [24] , Vajravelu [25] , Chen and Strobel [26] , Moutsoglou and Chen [27] , Chen [28] , Afifty et al. [29] , Chen et al., [30] , M. Ali [31] , Vajravelu and Hadjinicolaou [32] , Makinde and Aziz [33] , Makinde [34, 35] ). Combined free and forced convection heat transfer at a stretching sheet with variable temperature and linear velocity was investigated by Vajravelu [25] . Similar analyses were performed numerically by Chen and Strobel [26] , and Moutsoglou and Chen [27] for Newtonian fluids under different physical situations. Recently an analysis has been carried out by Chen et al. [29] for laminar mixed convection in a boundary layer adjacent to a vertical continuously stretching sheet. Very recently, Makinde and Aziz [33] analyzed the influence of convective boundary conditions on hydromagnetic mixed flow, heat and mass transfer past a vertical plate embedded in a porous medium. In all these studies, the thermophysical properties of the ambient fluids were assumed to be constant. However, it is well known that these properties may change with temperature, especially the thermal conductivity. Available literature on variable thermal conductivity (Chaim [36] , Datti et al. [37] , Prasad et al. [38] , and Abel et al. [39] ) shows that this type of analysis has not been conducted for UCM fluid flow and heat transfer over a stretching sheet.
Motivated by these practical applications, the present study explores the effects of thermal buoyancy and the variable thermal conductivity on a non-Newtonian UCM fluid flow past a vertical continuously stretching sheet. In contrast to the work of Sadeghy et al. [21] , the present work considers the effects of thermal buoyancy and variable thermal conductivity on the boundary layer UCM fluid flow and heat transfer. In addition to this, we consider a variable temperature distribution at the surface. The governing coupled, non-linear partial differential equations of the flow and heat transfer problem are transformed into dimensionless equations by using a similarity transformation. These dimensionless non-linear coupled ordinary differential equations are solved numerically by the Keller-Box method for various sets of values of the physical parameters.
Mathematical formulation
The physical problem considered for investigation here is that of a steady mixed convection boundary layer flow of an upper convected Maxwell fluid at a heated vertical stretching sheet, as shown in Figure 1 . The flow is generated as a consequence of linear stretching of the boundary and the temperature difference between the fluid and the boundary. The positive -coordinate is measured along the direction of the motion, with the slot as the origin, and the positive -coordinate is measured normal to the surface and is positive from the sheet to the fluid. The continuous stretching sheet is assumed to have a linear velocity and variable wall temperature of the forms U ( ) = and T ( ) = T ∞ + A respectively, where T ∞ is the ambient temperature. Here > 0 is the linear stretching constant, is the distance from the slit, A is a constant whose value depends upon the properties of the fluid and is the characteristic length. The thermo-physical properties of the sheet and the ambient fluid are assumed to be constant. Under these assumptions (with Boussinesq approximation), the governing equations for the convective flow and heat transfer of the upper convected Maxwell fluid (see for details Sadeghy et al. [21] ) are:
In the above equations, and v are the velocity components along the and -axes respectively, λ is the relaxation time, ν is the kinematic viscosity, ρ is the density, is the acceleration due to gravity and β is the coefficient of thermal expansion. Also, T is the temperature of the fluid, C is the specific heat at constant pressure and (T ) is the variable thermal conductivity. The last term in right hand side of the equation (2) represents the buoyancy force on the flow field. The "+" and "-" signs refer to the buoyancy assisting and buoyancy opposing flow regions respectively. Figure 1 provides the necessary information for such a flow field, where for a heated vertical stretching sheet the upper half of the flow field is being assisted and the lower half of the flow field is being opposed by the buoyancy force. For the assisting flow, the -axis points upwards in the direction of the hot stretching surface. For the opposing flow, the -axis points vertically downward in the direction of the stretching surface. Here the stretching induced flow and the thermal buoyant flow oppose each other. The opposite trend occurs if the sheet is cooled below the ambient temperature. In this paper thermal conductivity is assumed to vary linearly with temperature (Chaim [36] ) as:
where ∆T = T − T ∞ , T is the surface temperature, ε is a small parameter and ∞ is the thermal conductivity of the fluid far away from the sheet. Thus the appropriate boundary conditions to the problem are:
Here, equation (5d) implies that the stream-wise velocity and the temperature vanish outside the boundary layer. Equation (5c) is the variable surface temperature at the wall. The requirement equation (5b) signifies the importance of impermeability of the stretching surface and equation (5a) assures no slip at the surface. To facilitate the analysis, the governing partial differential equations are reduced to non-dimensional form with suitable similarity transformation and an order of magnitude analysis. We define the dimensionless variables as
where η is the similarity variable, ψ( ) is the stream function, is the dimensionless similarity function and θ is the dimensionless temperature. The velocity components and are given by
The mass conservation equation (1) is automatically satisfied by equation (7). The momentum equation (2) and the energy equation (3) are transformed into the coupled non-linear ordinary differential equation
where β = λ is the Maxwell parameter, is the Prandtl number. It is worth mentioning that G > 0 and G < 0 corresponds to the assisting and opposing flow situation respectively. Furthermore, G = 0 represents the case when the buoyancy force is absent. Equations (8) and (9) are solved numerically subject to the following transformed boundary conditions [obtained from equation (5) using (6)]
It was noted that in the absence of the buoyancy parameter, equations (8) and (9) reduce to those of Sadeghy et al. [21] , while in the absence of the buoyancy parameter and no heat transfer, the equations reduce to those of Pahlavan and Sadeghy [40] in the presence of magnetic field. Further, when the Maxwell and the free convection parameters are zero, the analytical solutions of the differential equations (8) and (9) with the boundary conditions (10) represent the Newtonian case. These results agree well with the results of Crane [4] and Grubka and Bobba [7] . The physical quantities of interest here in our problem are the skin friction and the Nusselt number.
Skin friction
The shear stress at the wall is
and its non-dimensional form is
Nusselt number
The Nusselt number is given by
where the heat transfer coefficient ( ) is of the form ( ) = ( ) ∆T (14) Here the rate of heat transfer at the wall is
Substituting (6) and (14) in to equation (13), we get the Nusselt number as
Results and discussion
The system of equations (8)- (9) . The accuracy of the numerical scheme has been validated by comparing the skin friction and the rate of heat transfer results to those reported in the previous studies: these results agree very well ( Table 1) . The results of the present study are applicable to highly conducting fluid (such as liquid metal) flow. It can be seen that the solutions are affected very much by the non-dimensional parameters, namely the Maxwell parameter β, free convection parameter G , Prandtl number Pr and the variable thermal conductivity parameter ε. In order to get a clear insight in to the physical problem, the numerical results for the velocity η (η) and the temperature θ(η) are presented through graphs and are discussed. Figure 2b we notice that an increase in G leads to an increase in η (η). Increase in G means an increase in the temperature difference and this leads to an enhancement in the velocity and this enhances the convection currents, and thus increases the boundary layer thickness. In Figures 3-6 , temperature profiles are plotted for different values of the physical parameters. Figure 3 presents the effects of the Maxwell parameter on the temperature θ (η). A general trend of these temperature profiles is that the temperature distribution is unity at the wall, and tends to zero as the distance increases from the boundary with the change of physical parameters. The effect of increasing values of the Maxwell parameter is to increase the temperature. This is due to the fact that the thickening of the thermal boundary layer occurs due to an increase in the elasticity stress parameter, however, the temperature distribution asymptotically tends to zero as the distance increases from the boundary. Figure 4 depicts the temperature profiles for different values of the free convection parameter. An increase in the values of G results in a decrease in the thermal boundary layer thickness and hence produces an increase in the surface heat transfer rate. This observation is even true in the presence/absence of the Maxwell parameter. The effect of variable thermal conductivity on the temperature field may be seen in the figures 5a-5b. These graphs demonstrate the fact that an increase in the value of the thermal conductivity parameter and the Maxwell parameter results in an increase in the temperature. This is due to the fact that the assumption of temperature dependent thermal conductivity implies a reduction in the magnitude of the transverse velocity by a quantity The effects of the physical parameters on the skin friction − ηη (0) and the wall temperature gradient −θ η (0) are presented in Table 2 . From Table 2 we observe that an increase in the Maxwell parameter and the free convection parameter is to decrease the skin friction. But quite opposite is the phenomenon with the rate of heat transfer. Furthermore, from 
Conclusion
In this paper, the convection flow and heat transfer of an UCM fluid over a non-isothermal stretching sheet is analyzed. The continuous surface is assumed to move with a linear velocity and be maintained at a variable surface temperature. The governing equations are transformed into a system of coupled non-linear ordinary differential equations, and the resulting system is solved numerically by a finite difference scheme (known as the Keller-Box method). A parametric study is performed to explore the effects of various governing parameters (including the Maxwell parameter, the free convection parameter, the variable thermal conductivity parameter and the Prandtl number) on the fluid flow and heat transfer characteristics. Numerical results are presented in tables for the skin friction co-efficient and the Nusselt number.
Representative velocity and temperature profiles are presented through graphs and the salient features are discussed. The results obtained for the flow and heat transfer characteristics reveal many interesting behaviors that warrant further study of nonlinear convection heat transfer.
